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Abstract

Magnesium alloys have become promising materials saving structural weight and consequently
reducing fuel consumption especially for transportation industry due to being the lightest metal
for structural applications. Such alloys show anomalous mechanical properties such as deformation
anisotropy and asymmetry in tension-compression originating from their specific crystallo-
graphic structure, which is hexagonal closed packed (hcp). One of the basic metal forming
process for semi-finished products is extrusion. Since extrusion involves complex thermo-
mechanical and multiaxial loading conditions resulting in large strains, high strain rates and an
increase in temperature due to deformation, a proper yield criterion and hardening law is an
important issue. A phenomenological model based on the Cazacu-Barlat yield potential has been
proposed that takes strain, strain rate and temperature dependency on flow behaviour into con-
sideration. A hybrid methodology of experiment and finite element simulation has been adopted
in order to obtain necessary model parameters. Compression tests were executed at different
punch velocities and test temperatures in order to describe the temperature and rate dependency
on deformation. Simulations of compression tests were performed to fit model parameters by
comparing with the corresponding experimental results. The anisotropy/asymmetry in yielding
was quantified by tensile and compression tests of specimens prepared from different directions.
The identification of the corresponding model parameters was performed by a genetic algorithm.
The set of parameters having the minimum error with respect to the experimental results was
assigned as the optimised solution. The information obtained from various means of material
characterisation was taken as input data for simulations of extrusion trials. A fully coupled
thermo-mechanical analysis has been used in extrusion simulations for calculation of the tem-
perature field by considering heat fluxes and heat generated due to plastic deformation. The
results of the approach adopted in this study appeared to be successful showing promising 
predictions of the experiments and thus may be extended to be applicable to other magnesium
alloys or even other hcp metals.

Thermomechanische Modellierung und Simulation des Strangpressens von Magnesium-
legierungen

Zusammenfassung

Magnesiumlegierungen sind als Leichtbauwerkstoffe zukunftsträchtige Strukturmaterialien
für die Fahrzeugindustrie im Hinblick auf Gewichtsersparnis und damit Reduzierung des



Treibstoffverbrauchs. Wegen ihrer speziellen kristallographischen Struktur, nämlich eines
hexagonalen Gitters, haben diese Legierungen jedoch ungewöhnliche mechanische Eigenschaften
wie Verformunsanisotropie und Zug-Druck-Asymmetrie. Einer der grundlegenden metallischen
Umformprozesse für die Herstellung von Halbzeugen ist das Strangpressen. Da dieser
Prozess unter komplexen mehrachsigen thermomechanischen Beanspruchungszuständen abläuft,
die mit großen Verformungen, hohen Umformraten und Temperaturerhöhungen durch
plastische Verformungen einhergehen, sind für seine Beschreibung ein geeignetes Fließkriterium
und Verfestigungsgesetz von besonderer Bedeutung.  Es wird ein phänomenologisches Model
entwickelt, das auf dem Fließpotential von Cazacu-Barlat beruht und dehnraten- und
temperaturabhängiges Fließen einbezieht. Zur Identifikation der Materialparameter wird
eine hybride Methodik aus Experimenten und Finite-Elemente-Simulationen eingesetzt.
Mit Druckversuchen bei verschiedenen Belastungsgeschwindigkeiten und Temperaturen
wurden die Temperatur- und Dehnratenabhängigkeit der Verformungen erfasst und dann
über Simulationen dieser Druckversuche die Modellparameter angepasst. Anisotropie und
Asymmetrie des Fließens werden mit Hilfe  von  Zug- und Druckversuche an Proben unter-
schiedlicher Orientierungen quantifiziert. Zur Identifikation der Modelparameter wird ein
genetischer Algorithmus eingesetzt. Der Parametersatz, der in den Simulationen den kleinsten
Fehler im Vergleich zu den experimentellen Ergebnissen liefert, wird als beste Lösung für
die Simulationen der durchgeführten Strangpressversuche verwendet. Hierfür werden
vollständig thermo-mechanisch gekoppelte Analysen zur Berechnung des Temperaturfeldes
unter Berücksichtigung von Wärmeleitung und Wärmeproduktion durch plastische Deformationen
durchgeführt. Die Ergebnisse liefern gute Vorhersagen der Versuche, so dass das hier präsentierte
Modell auch für die Beschreibung anderer Magnesiumlegierungen und darüber hinaus allgemein
von Metallen mit hexagonaler Gitterstruktur erfolgversprechend erscheint.

Manuscript received / Manuskripteingang in TFP:  25. November 2009
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Chapter 1 

1. Introduction 
 

 

 

 

 

 

 

 

Magnesium alloys have become promising materials saving structural weight and consequently 

reducing fuel consumption for transportation industry due to being the lightest metal for structural 

applications (Polmear, 2006). Having various advantages (e.g. homogenous microstructure and 

higher yield strength) over exclusively used as-cast parts (Kainer, 2003), wrought alloys are more 

preferable in industry (Bettles and Gibson, 2005). Extrusion is one of the manufacturing methods 

for semi-finished products supplying this demand. However, wrought magnesium alloys show 

unusual mechanical properties like deformation anisotropy and different yielding behaviour in 

tension and compression because of having hexagonal closed packed (hcp) crystal structure (Kaiser 

et al., 2003) and (Bohlen et al., 2007). This complex plastic behaviour is caused by strong basal 

texture and presence of deformation twinning (Hosford, 1993), (Barnett, 2007a) and (Barnett, 

2007b). Deformation twinning is significant for metals with low-symmetry crystal structures like 

hcp, in which five independent slip systems necessary for deformation are not easily activated at 

room temperature. Therefore, ductility and formability of hcp metals are considerably influenced by 

operable twinning modes (Yoo, 1981). In order to exploit these characteristics in metal forming, an 
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efficient modelling would be helpful. These phenomena are studied microscopically by crystal 

plasticity based models (Graff et al., 2007). Models with crystal plasticity such as (Peirce et al., 

1983) and (Lebensohn and Tomè, 1993) require detailed information about the deformation 

mechanisms and texture taking into account the crystallographic orientation of individual grains, 

thus needing unreasonable computational time for simulations at structural level. To this end, 

phenomenological modelling suitable for finite element (FE) method was chosen to study the metal 

flow during extrusion. Unfortunately, commercial FE programmes cannot provide suitable built-in 

models to capture the phenomena observed in extrusion of magnesium alloys. As a result, user-

defined materials, i.e. VUMAT, for commercial FE programme ABAQUS/Explicit, (Abaqus, 

2006b), were implemented in this study in order to define proper constitutive equations required for 

simulations of extrusion of magnesium alloys. 

 

Since extrusion involves complex thermo-mechanical and multiaxial loading conditions resulting in 

large strains, high strain rates and an increase in temperature due to deformation, a proper yield 

criterion and hardening law for the description of these processes are needed. The yield criterion 

proposed by Cazacu and Barlat (Cazacu and Barlat, 2004) captures the phenomena mentioned 

above. However, the ability of this model is limited because of being derived within the framework 

of rate-independent plasticity. The effects of strain rate and temperature are pronounced in extrusion 

and therefore can not be neglected. To this end, Cazacu and Barlat model was modified based on 

Cowper-Symonds overstress power law (Cowper and Symonds, 1957) and temperature.  

 

The determination of the metal flow in extrusion process for magnesium alloys was aimed with the 

help of a hybrid method of experiment and simulation. The mechanical tests and extrusion trials 

were executed in Extrusion Research and Development Centre, TU Berlin. Identification of the 

model parameters regarding for anisotropy and asymmetry in tension-compression was realised by 

performing a number of tensile and compression tests on specimens prepared at different 

orientations with respect to extrusion and transverse directions. In order to describe rate dependent 

yielding, compression tests were executed at different punch velocities and test temperatures. 

Simulations of compression tests were performed to fit model parameters by comparing with the 

corresponding experimental results and then to use as input data for simulations of indirect 

extrusion trials of cylindrical billets. Although Al-free magnesium alloys, namely ZE10 

(Mg+1%Zn+1%Ce) and ZEK100 (Mg+1%Zn+1%Ce+0.3%Zr), were selected in this study, the 

method discussed here for describing the material behaviour during extrusion process may be 

extended to be applicable to other magnesium alloys or even other metals with hcp crystal structure. 
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Chapter 2 

2. Phenomenological Modelling 

 
 

 

 

 

 

 

 

2.1. Basic concepts 

For a uniaxial stress state it is easy to define the limit above which the material undergoes 

irreversible (plastic) deformation. The respective quantity, known as yield stress in tension, is 

usually determined by means of a (uniaxial) tensile test. However, this can not be extended to the 

case of arbitrary (multiaxial) loading occurring during manufacturing or in service. To this end, a 

yield criterion is needed to define the transition from elastic to plastic states of deformation. The 

mathematical expression of a yield criterion is called yield function, f, which defines a surface in 

the stress space. This surface separating elastic and plastic deformations is called yield surface. 

Stress states with 0<f  represent elastic behaviour. As described in Drucker`s stability 

postulates (Drucker, 1964), any yield surface is assumed as convex since any straight path 

between two elastic states must not result in plastic deformation. Stress states satisfying 0=f  

may cause plastic deformation. In the framework of rate-independent plasticity, stress states with 



 4

0>f  are inadmissible. On the other hand, the condition, 0>f , exists in the case of rate-

dependent plasticity resulting in the stress states which may lie outside the yield surface.  

 

The yield function must be invariant with respect to the choice of the reference frame. As a result, 

yield functions are generally formulated as a function of the stress invariants. Most metals 

including magnesium and its alloys are insensitive to the hydrostatic stress, hσ , defined as  

13
1 Ih =σ , (2.1)

where 1I  is the first invariant of the Cauchy stress tensor calculated as trace of the stress tensor, 

i.e. zzyyxxI σσσ ++=1 . Since yielding is independent of the hydrostatic stress for such materials, 

the yield function of pressure insensitive materials is written as a function of deviatoric stresses 

defined as  

Ihσσσ −=´ , (2.2)

with the unit tensor, I . 

 

The trace of the deviatoric stress tensor, i.e. 1J , is zero. 2J , namely the second invariant of 

deviatoric stress, is defined in terms of stress components as  

[ ] 222222
2 )()()(

6
1

xzyzxyxxzzzzyyyyxxJ σσσσσσσσσ +++−+−+−= , (2.3)

and the third invariant, 3J , is the determinant of the deviatoric stress tensor. 

 

In order to complete the description of plastic behaviour of a material, a flow rule linking stress 

and plastic strain components is essential. This constitutive law of plastic deformation is 

commonly for most metals associated, which means that the yield function is taken as plastic 

potential. The flow rule is then expressed as 

ij

p
ij

f
σ

λε
∂
∂

= && , (2.4)

where p
ijε& is the plastic strain rate tensor and λ&  is a scalar plastic multiplier. Since all the plastic 

strain rate components are normal to the yield surface, this flow rule is also called normality rule, 

which is another consequence of Drucker`s stability postulate. 
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A hardening law describes changes of the yield function during deformation. Therefore, the yield 

function is defined by scalar or tensorial internal variables to capture proper evolution of the yield 

surface during deformation. For perfectly plastic materials, which present no hardening 

behaviour, the initial yield function is unchanged in the stress space during plastic deformation. 

Nevertheless, metals in most cases harden as plastic strain increases (i.e. strain hardening). The 

strain hardening observed in metals is generally categorised as isotropic, kinematic, or a 

combination of both (mixed hardening). Isotropic hardening assumes uniform expansion without 

translation of the yield surface in the stress space, unlike kinematic hardening in which 

translation without expansion is assumed during plastic deformation. However, the shape of yield 

surfaces remains unchanged in both isotropic and kinematic hardening.  

 

2.2. Isotropic yield criteria 

Isotropic materials show uniformity of mechanical characteristics in all directions. Any isotropic 

yield criterion is, consequently, defined as a function of stress tensor invariants. Yield criteria for 

isotropic metals derived by (Tresca, 1864), (von Mises, 1928) and (Hosford, 1972) are the 

examples found in literature. In this section, two commonly used yield criteria for isotropic 

metals, namely Tresca and von Mises yield criteria, are presented. 

 

2.2.1. Tresca yield criterion 

The first formulated yield condition was proposed by Tresca assuming that the plastic 

deformation will occur when the maximum shear stress reaches a critical value, yτ . This criterion 

is written as a function of principal stresses, 1σ , 2σ  and 3σ , as  

0
2

,
2

,
2

max 133221 =−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−−
yτσσσσσσ , (2.5)

where yτ  is the yield stress obtained from a simple shear test. According to Tresca`s yield 

criterion, the shear strength in pure shear is half of that in uniaxial tension, yσ . 

The Tresca yield criterion is proper for isotropic material because of the presence of maximum 

and absolute functions in its formulation as seen in Equation (2.5). The Tresca yield surface is a 

hexagonal cylinder in the principal stress space, whereas it is a hexagon in plane stress (see 

Figure 2.1). 
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 von Mises
 Tresca

σ 2 

σ
1
 

 
Figure 2.1: Yield loci of Tresca and von Mises yield criterion in plane stress 

 

Besides the expression in terms of principal stresses, this yield criterion is also written in terms of 

second and third invariants (Burth and Brocks, 1992) as 

069274 62
2

42
2

22
3

3
2 =−+−− yyy JJJJ σσσ . (2.6)

As seen in Equation (2.6), the yield function does not depend on the trace of stress tensor, 1I , so 

it is insensitive to hydrostatic pressure.  

 

2.2.2. von Mises yield criterion 

Close fit to experimental data for most metals with face-centred cubic and body-centred cubic 

structures can often be obtained with von Mises yield criterion, in which the second invariant of 

the deviatoric stress tensor, 2J , is assumed to solely determine yielding as  

03 2
2 =− yJ σ , (2.7)

where yσ  is the uniaxial yield stress. 

 

The von Mises yield criterion is also expressed as 

022 =− yσσ , (2.8)
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with the von Mises equivalent stress, 23J=σ . The principle of equivalence of plastic work (or 

dissipation) rate, i.e. plpl
ijij

pW εσεσ &&& == , provides the definition of the equivalent plastic strain 

rate as 

pl
ij

pl
ij

pl εεε &&&
3
2

= . (2.9)

 

As Tresca` s yield criterion, the von Mises yield criterion implies for isotropic behaviour by 

giving equal weight to the three principal stresses, namely 1σ , 2σ  and 3σ . When plotted in the 

three dimensional space of the principal stresses, the von Mises yield surface appears as a 

cylinder oriented collinear to the hydrostatic axis, i.e. 321 σσσ == , due to the rotational 

symmetry. The section 3σ  = 0 of the von Mises yield locus gives an ellipse centred in the origin 

with major axes inclined at 45° to the 1σ  axis as seen Figure 2.1. 

 

2.3. Anisotropic yield criteria 

Unlike isotropic yield criteria for which the choice of a reference frame is arbitrary, anisotropic 

yield criteria must be expressed in a fixed system since anisotropy means the dependence of 

material properties on the testing direction.  

 

Anisotropic criteria such as (Hill, 1948), (Hill, 1990), (Barlat et al., 1991), (Barlat et al., 1997), 

(Bron and Besson, 2004) and (Karafillis and Boyce, 1993) exist in the literature. However, these 

criteria are represented by even functions of stress and thus cannot capture tension/compression 

asymmetry. Therefore, they intended to model cubic metals. The third invariant, 3J , 

characterises deviations from rotational symmetry. The most popular of yield criteria including 

the third invariant is Tresca`s yield criterion which holds only for isotropic materials with 

tension/compression symmetry due to its dependency on 3J  quadratically as seen in Equation 

(2.6). The yield criterion proposed by Cazacu and Barlat (Cazacu and Barlat, 2004) captures 

tension/compression asymmetry observed in hcp metals. It modifies the von Mises yield potential 

by introducing the third invariant of the stress tensor within the framework of rate-independent 

plasticity. Drucker`s yield condition (Drucker, 1949), which lies between the bounds defined by 

the von Mises and Tresca yield criteria having a structure of 2
3

3
2 cJJ − , is extended in their study 

by using the generalisation of invariants to orthotropy. Since (Hill, 1948) as a pioneer study 



 8

exploited the generalisation, it is presented here firstly, and then, Cazacu and Barlat model is 

discussed. 

 

However, the yield criteria mentioned above were derived without any consideration of rate 

effects. In order to include effects of the loading rate into the modelling, rate-dependent yielding 

was considered due to its importance in metal forming. A large number of formulations in 

literature can be found such as Johnson-Cook models (Johnson and Cook, 1983; Johnson and 

Cook, 1985) and Steinberg`s models (Steinberg et al., 1980; Steinberg and Lund, 1989). Cowper-

Symonds overstress power law (Cowper and Symonds, 1957) was chosen due to being available 

in ABAQUS (Abaqus, 2006a) in combination with the von Mises yield criterion. Besides this 

easiness in verification, it has reasonable model parameters unlike other rate-dependent yielding 

models. A modified version of the Cazacu and Barlat model with respect to strain rate and 

temperature dependency of plastic deformation is proposed and described. 

 

2.3.1. Hill`s yield criterion of 1948 

The yield criterion proposed by von Mises is extended by using the generalisation of invariants to 

orthotropy. Hill proposed the following quadratic yield criterion, as given in Equation (2.8), 

022 =− yσσ , (2.10)

for orthotropic materials with an equivalent stress defined as: 

)(3])()()([
2
13 654

2
3

2
2

2
12

2
xzyzxyxxzzzzyyyyxx aaaaaaJ σσσσσσσσσσ +++−+−+−== o , (2.11)

where (x, y, z) are the orthotropy axes.  

 

2.3.2. Cazacu and Barlat yield criterion 

The phenomenological model proposed by Cazacu and Barlat captures asymmetry in yielding in 

pressure-insensitive metals. Cazacu and Barlat considered generalisations of the second and third 

deviator invariants, 2J  and 3J . The proposed anisotropic and asymmetric yield criterion is given 

by 

3
3

3
2 )( yJJf τ−−= oo , (2.12)

where yτ  is the yield strength in shear. 
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The generalisation of 2J  to orthotropy, denoted by o
2J  is expressed in the reference frame 

associated to the material symmetry as 

2
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232221
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6
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6
)(

6 yzxzxyxxzzzzyyyyxx aaaaaaJ σσσσσσσσσ +++−+−+−=o , (2.13)

which is the same formulation derived by Hill as in Equation (2.11).  

 

If all the coefficients ka  are set to unity, o
2J  reduces to 2J ,  

1)6,..,1( ==kak  →  
22 JJ =o . (2.14)

 

The generalisation with respect to orthotropy of 3J , denoted by o
3J , is expressed as 
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 (2.15)

where all the coefficients jb  reduce to unity for isotropic conditions,  

1)11,..,1( ==jbj  →  
33 JJ =o . (2.16)

 

In the case of plane stress, the corresponding yield function contains 10 parameters. The 

generalised stress invariants are written as 

2
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By neglecting the effect of shear component, i.e. xyσ , the number of parameters is reduced further 

to 7 consisting of a1, a2, a3, b1, b2, b3 and b4, namely. The shape of the yield surface is determined 

by the parameters. The effect of ka  and jb  on the yield loci can be captured from Figure 2.2 and 

Figure 2.3, respectively. 
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Figure 2.2: Yield loci with variations of ak (plane stress condition assumed) 
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Figure 2.3: Yield loci with variations of bj (plane stress condition assumed) 

 

Since the Cazacu and Barlat yield criterion is an extension of von Mises yield criterion, one can 

mimic conventional von Mises plasticity by choosing the model parameters as: 

1)6,..,1( ==kak , 

0)11,..,1( ==jbj . 
(2.19)

 

Figure 2.4 illustrates the comparison of yield loci with different set of jb  and von Mises yield 

locus. 
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Figure 2.4: Yield loci with variation of bj together with von Mises yield criterion 

 

A special class of orthotropic materials are those that have the same properties in one plane and 

different properties in the direction normal to this plane. Such materials are called transverse 

isotropic and they are described by an axisymmetric formulation. The generalised stress invariant 

is written as 

[ ] 2
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4

23221
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6 xzyzxyxxzzzzyyyyxx aaaaJ σσσσσσσσσ +++−+−+−=o  (2.20)

with the conditions: 

21 aa =  

and 

54 aa = . 

(2.21)

 

The third invariant is written as 
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 (2.22)

by applying the conditions: 
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and 

.2/)(4/ 75510 bbbb +==  

(2.23)

 

Since the conditions, 0=xzσ  and yzxy σσ = , are applicable to the axisymmetric formulation, the 

invariants become  
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As a result, the corresponding yield function for axisymmetric formulation contains 6 parameters, 

namely a1, a3, a4, b1, b2 and b5. 

 

2.3.3. Modified Cazacu and Barlat yield criterion 

As mentioned before, in the original work of Cazacu and Barlat, neither strain-rate dependency 

nor temperature dependency is considered. In order to capture these phenomena, the proposed 

modified version of the yield function is written as a function of three internal state variables, 

namely: equivalent plastic strain, plε , plastic strain rate, plε& , and temperature, θ , (Ertürk et al., 

2008; Ertürk et al., 2009),  

( ) ),,()()( 3
3

2/3
2 θεετεε plpl

y
plpl JJf &oo −−= . (2.26)

 

In order to capture proper hardening observed in magnesium alloys, the coefficients, ka  and jb , 

are defined as functions of the equivalent plastic strain, plε . Since the associated flow rule (see 

Equation (2.4) for the general definition) of Cazacu and Barlat model is very complicated, the 
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definition of equivalent plastic strain in Equation (2.9) is assumed. The identification of the 

parameters for initial and subsequent yield surfaces are performed with the help of optimisation 

algorithm and the evolutions of the parameters is discussed in details later in Chapter 3. 

 

As seen in Equation (2.27), the yield strength in shear, yτ , is expressed by the yield strength, yσ , 
as measured from the uniaxial tensile test,  

yy bbaa στ
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⎛ += . (2.27)

 

On the other hand, if the stress tensor is adapted to a uniaxial compression test, where only one 

non-zero component in compression exists, yτ  is obtained by the following expression: 
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yσ  is defined multiplicatively by considering three phenomena, namely strain hardening, 

)( pl
y εσ , strain rate hardening via overstress, )( pl

RDf ε& , and softening due to dissipation, )(θTDf , 

as )()()( θεεσσ TD
pl

RD
pl

yy ff &= . 

 

The strain hardening part of the yield stress is defined as 
plpl

o
pl

y H εεσεσ )()( += , (2.29)

where oσ  is initial yield strength and H is hardening modulus defined as 

pl
yH

ε
σ

∂

∂
= . (2.30)

 

The yield stress under quasi-static conditions is linked to a “dynamic” yield stress via 2 model 

parameters: D and n as described in Cowper-Symonds overstress power law (Cowper and 

Symonds, 1957). The model parameters, D and n, are defined with respect to temperature in order 

to take any influence of temperature on rate dependency into account: 
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The pair of D and n at different temperatures is calculated by interpolation of the known values. 

This methodology is extended in the case of the yield stresses at different temperatures, as well in 

order to capture softening, i.e. )(θTDf . The temperature calculation is handled in Chapter 4. 
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Chapter 3 

3. Parameter Identification of Yield Loci 

 
 

 

 

 

 

 

 

3.1. Introduction 

In many industrial applications, empirical or physical models involving some unknown parameters 

are used for design or simulation purposes. The identification of the model parameters is obtained 

by using either Trial-and-Error method or an optimisation method being the act of obtaining the 

best result under the given circumstances. Trial-and-Error method is suitable when the model is 

simple and the number of unknown parameters is reasonable. Optimisation method is, however, 

used when the model is complex and a huge number of unknown parameters is concerned. 

 

As described before, Cazacu and Barlat yield criterion contains 17 model parameters. With further 

assumptions described later, the number of parameters is reduced to 7. However, this reduction is 

not sufficient to handle the parameters with a Trial-and-Error method. To this end, an optimisation 

algorithm based on genetic algorithm described in (Hossain, 2007) was adopted and modified in 

this study. If the model parameters generated by genetic algorithm satisfy the constraints described 
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later, the set of model parameters is accepted and the objective function expressed later is then 

evaluated. The parameter set having the minimum value will be the optimised solution. 

 

3.2. Genetic algorithm 

Genetic algorithm, (Schwefel, 1977) (Holland, 1992) (Rechenberg, 1994), is well suited for solving 

adaptive problems because of the capacity to evolve and adjust to changing environments. Genetic 

algorithm performs a stochastic evolution process toward global optimisation through the use of 

crossover and mutation operators. The search space of the problem is represented as a collection of 

parameter sets, which are referred as chromosomes. The quality of a chromosome is measured by a 

fitness function that ranks the optimality of a solution in genetic algorithm. After initialisation, each 

generation produces new children based on the crossover and mutation operators. The process 

terminates when several consecutive generations do not produce noticeable population fitness 

improvement or reach the maximum number of prescribed generation. 

 

3.3. Constraints on yield loci 

A set of constraints, which allow the unknowns to take on certain values but exclude others, is 

presented here. Since the constraints limit the search space, they are essential to find the variables 

which minimise the objective function. 

 

3.3.1. Mathematical existence 

Due to the symmetry of profiles manufactured in extrusion trials, transverse isotropic material 

behaviour is assumed and the representative mesh is generated with axisymmetric continuum 

elements (see Chapter 8). The corresponding yield function is composed of the stress invariants 

expressed in Equations (2.20) and (2.22). However, it is not possible to identify the parameters with 

the help of experimental data from tensile and compression tests which do not provide any 

information about the conditions given in Equations (2.21) and (2.23). The experimental results and 

the corresponding parameter identifications are described later in Chapter 7. To this end, the 

generalised stress invariants expressed in Equations (2.17) and (2.18) are assumed and then 

rewritten as 
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and 



 19

TLTLTL bbbbbbJ σσσσσσ )(
9
1)(

27
1)(

27
1

41
3

43
3

213 +−+++=o , (3.2)

where L and T refer the longitudinal and transverse directions, respectively.  

 

The yield strength in shear, yτ , is assumed as a positive function increasing with plastic strain. As a 

result, the following condition has to be satisfied for mathematical existence, 

0))(( 3/1
3

3
2 ≥−= oo JJyτ , (3.3)

and thus 

0)( 3
3

2 ≥− oo JJ , (3.4)

which requires 

0)(
6
1

3
)(

6
1 2

21
12

312 ≥++−+= TTLL aaaaaJ σσσσo . (3.5)

 

3.3.2. Convexity 

In order to ensure convexity of the yield surface, the Hessian matrix of the yield function must be 

positive semi-definite with respect to the principal stresses (Rockafellar, 1972), which can be 

ensured by having non-negative eigenvalues. The Hessian, H, of a function g(x1, x2, …,xn) is 

defined generally as the derivatives of the Jacobian matrix with respect to its components, x1, 

x2,…,xn. The yield surface is a function of the principal stresses, Lσ  and Tσ  along longitudinal, L, 

and transverse, T, directions. Therefore, the Hessian matrix becomes 
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The components of H are calculated as following: 
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To ensure the existence of each component of H, the following condition must be fulfilled, 

0
6

)(
66

222123 ≥+−+ TTLL

aaa σσσσ . (3.10)

 

The eigenvalues 2,1λ of H are calculated as  

( ) ( ) ( )( )2
122211

2
2211

2
22112,1 4

2
1 HHHHHHH −++±+=λ . (3.11)

 

The existence of the real valued eigenvalues 2,1λ  is, hence, ensured by the following condition, 

( ) ( ) 04 2
122211

2
2211 ≥−++ HHHHH . (3.12)

 

3.3.3. Evolution 

Yield loci of a hardening material are usually displayed as isocontours of the plastic equivalent 

strain or plastic work called as isostrain or isowork, respectively, which is expressed as the area 

under the stress-plastic strain curve. The yield loci at different plastic equivalent strains for all 

loading paths are supposed to evolve without intersecting themselves as seen in Figure 3.1. 

Therefore, an arbitrary yield locus defined for any given value of the equivalent plastic strain, pl
nε , 

must be entirely inside the yield locus defined for another value of the plastic strain, pl
n 1+ε , which is 

greater than pl
nε . 
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Figure 3.1: Examples of wrong (left) and correct (right) evolution of the yield loci 

 

The following two functions, namely exponential and polynomial, were selected to capture the 

evolution of the parameters with respect to equivalent plastic strain. The evolution of coefficients is 

written as exponential function  

( ))exp(1)3,2,1( pl
iiii CBAia ε−−+== , 

( ))exp(1)4,3,2,1( pl
iiii CBAib ε−−+==  

(3.13)

or as second-order polynomial function  

i
pl

i
pl

ii CBAia ++== εε 2)()3,2,1( , 

i
pl

i
pl

ii CBAib ++== εε 2)()4,3,2,1( . 
(3.14)

 

3.4. Objective function 

As mentioned before, the identification problem is defined as the minimisation of an objective 

function (called also target function), Ψ . The objective function is expressed in terms of stress σ  

as 

∑∑ −=Ψ
j k

exjknumjk 2)( σσ . (3.15)

 

The superscript, ex, refers to the experimental results (see Chapter 7), whereas num refers to the 

optimised quantities. The stress values are defined as 
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22 )()( ex
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jkexjk σσσ += , 

22 )()( num
T

jknum
L

jknumjk σσσ += . 
(3.16)

The letters in superscript, j and k, denote isocontour of the plastic equivalent strain and loading 

path, respectively.  
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Chapter 4 

4. Thermomechanical Coupling 

Adiabatic and Fully Coupled Analysis 
 

 

 

 

 

 

 

4.1. Introduction 

In metal forming, particularly in extrusion, the effect of temperature is very crucial, since a 

heterogeneous temperature field resulting from competition between heating and cooling of the 

work piece is produced (Wagoner and Chenot, 2001). 

 

Cooling can result from  

• contact with tools, which operate at relatively low temperature in order to avoid possible 

excessive deformation of the tools themselves, 

• radiation and convection at free surfaces. 

 

Heating occurs due to 

• plastic deformation of the work piece, 

• friction between the surfaces in contact. 
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To establish a better description of the material behaviour, isothermal analysis is not a proper choice 

at all due to the fact that temperature dependency of the material is simply ignored. An adiabatic 

mechanical analysis is used in cases where mechanical deformation causes heating, but the event is 

so rapid that this heat has no time to diffuse throughout the material so cooling is neglected. 

Temperature is considered as an internal state variable in adiabatic analysis. On the other hand, a 

fully coupled temperature-displacement procedure is used to solve simultaneously for the stress, 

displacement and temperature fields. Therefore, temperature is an additional degree of freedom. In 

both cases, the thermal energy balance equation is solved to calculate the temperature by 

considering all the heat flux, which is the amount of heat energy that crosses the unit surface per 

unit time. Finally, the corresponding update of material properties, e.g. yield stress, and/or model 

parameters which are given with respect to temperature have to be performed to capture 

temperature dependency. 

 

4.2. Fully coupled temperature-displacement analysis 

The thermal energy balance has to be satisfied. The summation of the rate of heat entering and the 

rate of energy generated within the body has to be equal to the rate of increase of internal energy, 

which means 

rq
x

U +⋅
∂
∂

−=&ρ , (4.1)

where ρ is the material density. 

 

The internal energy rate per unit mass, U& , is expressed by the help of heat capacity, c, and rate of 

temperature, θ& , as 

θ&& cU = . (4.2)

 

For the heat flux per unit volume generated within the body, r, it was assumed in this study that 

only plastic deformation has a contribution as 
plr εση &:= , (4.3)

η , called as the inelastic heat fraction, defines the amount of dissipation converted into heat.  

 

The equations for heat propagation can be analysed similarly to the mechanical equation. A general 

law of heat conservation is first defined, then the material response to heat flux is determined which 
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is analogous to the constitutive equation and finally boundary conditions, i.e. convection and/or 

radiation, are examined. 

 

In the case of coupled temperature-displacement analysis, conductivity of the points within the body 

is considered which means that heat exchange is possible. Heat conduction is assumed to be 

governed by the Fourier law as below 

x
Kq

∂
∂

⋅−=
θ , (4.4)

where K is the thermal conductivity matrix. The negative sign comes from the experimental 

evidence that heat always flows in the direction of decreasing temperature. 

 

Heat convection as one of the boundary conditions applied normal to free surfaces with a 

surrounding temperature of 0θ is written as 

)( 0θθ −−= hqn , (4.5)

where h is called film coefficient. 

 

Heat flux due to radiation to the environment is governed by  

])()[( 4
0

4
ZZAq θθθθ −−−−= , (4.6)

with A as radiation constant defined by emissivity of the surface, Sε , and the Stefan-Boltzmann 

constant, BS−σ , i.e. BSSA −= σε . Whereas Zθ  denotes the absolute zero temperature, the ambient 

temperature is labelled as 0θ  in Equation (4.6). The effect of radiation on thermal energy balance is 

smaller than one obtained via convection.  

 

4.3. Adiabatic analysis 

The heat transfer between specimen and its environment is neglected in adiabatic analysis. The 

particles composing the material are assumed as isolated particles. Interactions between these 

isolated particles are not allowed with respect to temperature. Since there is no heat flux rather than 

heat generated due to plastic deformation available in adiabatic analysis, the heat equation solved at 

each integration point, i.e. Equation (4.1), becomes 

rU =&ρ , (4.7)

where r is as described in Equation (4.3). 
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Rise of temperature, θ& , due to dissipation is, hence, calculated by combining Equation (4.2) and 

Equation (4.3) into Equation (4.7): 

c

pl

ρ
εσηθ
&& :

= . (4.8)

 

 

 

 

 



 27

 

 

 

 

 

 

 

 

Chapter 5 

5. Implementation of User Defined Materials-VUMATs 

 
 

 

 

 

 

 

 

5.1. Introduction 

As discussed before, the proposed modified version of Cazacu and Barlat yield criterion (see 

Equation (2.26)) together with the associated flow rule is a non-standard constitutive model and 

thus not provided in commercial finite element (FE) programmes. Therefore, special techniques 

such as user defined material laws are required to perform simulations on the basis of this material 

model. The commercial FE software ABAQUS provides user interfaces linking to the main 

programme in order to allow the user to formulate and incorporate user defined material laws 

(Abaqus, 2006b). The user defined material applicable for ABAQUS/Standard is called UMAT. 

The equivalent version for ABAQUS/Explicit is called VUMAT. The choice of VUMAT was made 

since ABAQUS/Explicit provides more promising features such as reasonable computational time 

and better contact definitions especially in simulations of extrusion (Abaqus, 2006a). 
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The modified version of Cazacu and Barlat model has been implemented in this study as two 

VUMATs, since temperature dependency was captured by two different approaches as discussed in 

Chapter 4, namely adiabatic analysis and fully coupled temperature-displacement analysis. The 

implemented codes, however, have quite similar structures.  

 

5.2. General characteristics of VUMAT 

The stress tensor, user defined state variables, internal energy and plastic dissipation are defined by 

the user. That means these are used for Write purpose. The rest of the variables are used only for 

Read purpose. The variables used in the header of VUMAT and corresponding short descriptions 

are summarized in the Appendix. 

 

Some significant characteristics of VUMAT are listed as below: 

• VUMAT uses a two-state architecture consisting of “old” and “new”. The initial values at 

the beginning of each increment have to be assigned in the “old” arrays. “New” arrays have to be 

allocated for updated results at the end of each increment. ABAQUS performs automatically the 

conversion of “old” and “new” by setting the value of “new” arrays into “old” arrays for the next 

increments. 

• The VUMAT interface is written to take advantage of vector processing. As a result, 

branching inside loops has to be avoided. 

• In VUMAT, no information is provided about element numbers. Data are passed in and out 

in large blocks with “nblock” which typically is equal to 64 or 128. Each entry in an array of length, 

“nblock”, corresponds to a single material point. All material points in the same block have the 

same material name and belong to the same element type. All operations are done in vector mode 

with “nblock” vector length. 

• The time increment can not be redefined in VUMAT. The time increment assumed in this 

study assures the linearisation of the state variables discussed later. In UMAT, “PNEWDT”, i.e. 

ratio of suggested new time increment to the time increment being used, can be updated.  

• The stresses and strains are stored as vectors in both cases. However, for three dimensional 

elements, the storage scheme of VUMAT is different from that for ABAQUS/Standard with respect 

to the fifth and sixth components: 

UMAT: 11 22 33 12 13 23( , , , , , )σ σ σ σ σ σ=S  

VUMAT: 11 22 33 12 23 13( , , , , , )σ σ σ σ σ σ=S  
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• The shear strain components in user subroutine VUMAT are stored as tensor components 

and not as engineering components. However, UMAT uses engineering components. 

UMAT: 1212 2εγ =  

VUMAT: 1212 2
1 γε =  

• In ABAQUS/Explicit, all elements are of first-order (nodes only at their corners) except for 

the quadratic triangle and tetrahedron, which use a modified second-order interpolation. Instead of 

elements with full integration, users are forced to choose reduced integration elements in explicit 

solver. Hence, CAX4R, C3D8R, CPE4R are examples for elements to be used in VUMAT.  

 

5.3. Implementation of VUMATs 

The methodology adopted here is the so called operator-split method which divides the problem 

into elastic and plastic components. In the elastic predictor stage, the stress tensor is calculated with 

the assumption of a fully elastic strain increment provided by ABAQUS/Explicit. The return 

mapping algorithm (Ottosen and Ristinmaa, 2005; Simo and Hughes, 1998) is chosen to update the 

stress tensor when the yield condition is satisfied. The Newton-Raphson method (Ottosen and 

Ristinmaa, 2005; Simo and Hughes, 1998) is used to calculate the amount of the overstress caused 

by the applied deformation. The plastic equivalent strain rate and resulting overstress are calculated 

iteratively. The flowchart of a user defined material implemented can be seen in Figure 5.1. 

 
Figure 5.1: Flowchart of implementation of VUMAT 

Input strain increment  

Calculate elastic predictor 

Update the stress tensor 

plastic elastic 

Calculate correction of 
stress tensor and 

equivalent plastic strain

Accept 
elastic 

predictor

Check 
yielding 
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The first step is the elastic predictor where the total incremental strain is assumed to be fully elastic. 

The elastic predictor is expressed as  

εσ && :Ctrial = . (5.1)

 

The tensor of elastic moduli denoted by C  is calculated as below: 

IC LL μλ 211 +⊗= , (5.2)

where 1 is the second-order identity tensor whereas I  is the fourth-order symmetric identity tensor. 

Moreover, Lμ  and Lλ  are the Lamé constants, which can be expressed by Young`s modulus, E, and 

Possion`s ratio, ν : 

)1(2 ν
μ

+
=

E
L  

)1)(21( νν
νλ

+−
=

E
L . 

(5.3)

 

After prediction of stresses, trial
oldnew

trial σσσ &+= , yielding is checked by the yield criterion described 

in Equation (2.26).  

 

If the material point in the current time step remains elastic, i.e. 0<f , no correction is needed. 

Thus, the prediction is saved so that the increment is finalised without correction of stress tensor 

resulting in 
new
trial

new σσ = . (5.4)

 

If the yield function indicates that plastic deformation takes place, the equivalent plastic strain has 

to be calculated and updated for the next increment. Moreover, the stress values have to be 

corrected because the prediction was done under the assumption of elasticity.  

 

The plastic multiplier, γ& , is calculated as  

⎥
⎦

⎤
⎢
⎣

⎡
+

=

L
L

trial

H
f

μ
μ

γ

3
12

& , 
(5.5)

where στσ /)( y
trialf −=  and σ  is equivalent stress defined as 
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( ) 3/1

3

3

2 ⎥⎦
⎤

⎢⎣
⎡ −= oo JJσ . (5.6)

 

The yield stress in shear, yτ , is expressed either in Equation (2.27) or Equation (2.28) depending on 

the test where the yield strength was measured. Whereas the hardening modulus, H, was already 

defined in Equation (2.30). 

 

After that, stress tensor is updated for the next increment with the return mapping as 
returnnew

trial
new σσσ −= . (5.7)

 

Plastic corrector, returnσ , is calculated via plastic multiplier:  

σ
γμσ

∂
∂

=
f

L
return &2 . (5.8)

 

The required derivatives are formulated as below, 

σσσ ∂
∂

∂
∂

−
∂
∂

∂
∂

=
∂
∂ o

o

o

o

3

3

2

2

J
J
fJ

J
ff . (5.9)

 

The equivalent plastic strain rate is calculated as,  

σ
γ

σ
γε

∂
∂

∂
∂

=
ffpl &&& :

3
2 . (5.10)

 

After the stress update and state variable update were done, VUMAT is called for the next time 

increment till specified time is reached. 

 

5.3.1. VUMAT for adiabatic analysis 

The corresponding material and model parameters are input as described in Table 5.1. The 

temperature is considered as state variable and calculated as described in Equation (4.8). If the 

model parameters for strain rate dependency, i.e. D and n in power law, and/or stress-strain curve 

are provided as tables of temperature, then a subroutine inside VUMAT is called to calculate the 

resulting softening due to a rise in temperature by interpolation. If the temperature exceeds the 

limits of input data during the simulation, then there will be no modification.  
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Input variables  Explanations 
  

Props(1)  Young`s modulus  

Props(2)  Possion`s ratio  

Props(3)  Initial temperature ( oθ ) 

Props(4)  Switch parameter for evolution of ka  & jb  ( pl
maxε ) 

Props(5) Number of pairs of rate parameters in Cowper-Symonds model 

Props(6-14) List of reference strain rate (D), power (n) and corresponding 
temperatures of the pairs of D and n 

Props(15) Inelastic heat fraction (η ) 

Props(16)  Specific heat (c) 

Props(17)  Number of stress-strain curves 

Props(18-24) List of number of stress-strain pairs and corresponding temperatures 
of the curves 

Props(25-67) Parameters for ka  in Cazacu&Barlat model (Ak, Bk, Ck) 

Props(73-155) Parameters for jb  in Cazacu&Barlat model (Aj, Bj, Cj) 

Props(161,162) First stress-strain pair as (initial yield strength, 0=plε ) 

Props(163-) Further stress-strain pairs 
Table 5.1: Input variables used in VUMAT for adiabatic analysis 

 

The state variables which have to be updated for each increment are listed in Table 5.2.  

 

State variables Explanations 
  

SDV 1 Equivalent plastic strain 

SDV 2 Strain rate 

SDV 3 Temperature 

SDV 4 Yield strength 
Table 5.2: State variables used in VUMAT for adiabatic analysis 

 

5.3.2. VUMAT for fully coupled analysis 

The input variables of VUMAT for fully coupled temperature-displacement analysis are almost the 

same as for adiabatic analysis (see Table 5.3). 



 33

 

Input variables  Explanations 
  

Props(1)  Young`s modulus  

Props(2)  Possion`s ratio  

Props(3)  Initial temperature ( oθ ) 

Props(4)  Switch parameter for the evolution of ka  & jb  via either the 
exponential or polynomial functions 

Props(5) Switch parameter for the calculation of yτ  from the stress-strain 
pairs from either compression or tension tests  

Props(6) Number of pairs of rate parameters in Cowper-Symonds model 

Props(7-15) List of reference strain rate (D), power (n) and corresponding 
temperatures of the pairs of D and n 

Props(17) Number of stress-strain curves 

Props(18-24) List of number of stress-strain pairs and corresponding temperatures 
of the curves 

Props(25-67) Parameters for ka  in Cazacu&Barlat model (Ak, Bk, Ck) 

Props(73-155) Parameters for jb  in Cazacu&Barlat model (Aj, Bj, Cj) 

Props(161,162) First stress-strain pair as (initial yield strength, 0=plε ) 

Props(163-) Further stress-strain pairs 
Table 5.3: Input variables used in VUMAT for fully coupled analysis 

 

The state variables which have to be updated for each increment are listed in following table.  

 

State variables Explanations 
  

SDV 1 Equivalent plastic strain 

SDV 2 Strain rate 

SDV 3 Yield strength 
Table 5.4: State variables used in VUMAT for fully coupled analysis 

 

Since the temperature field is calculated by ABAQUS/Explicit, there is no need to allocate an 

additional state variable for the temperature. The temperature field provided by ABAQUS/Explicit 

was read by this version of VUMAT so that the input variables, which were provided as tables with 

function of temperature, are updated by interpolation. 
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5.4. Verifications of VUMATs 

The existing implementation of the original work of Cazacu and Barlat model for 

ABAQUS/Standard (UMAT) (Graff, 2007) was taken as a fundamental code and used as a 

verification tool for further implementation procedures. Rate dependency of the proposed version of 

the model was proven by built-in overstress law in ABAQUS. The verifications of the codes with 

representing various thermo-mechanical conditions with single-element and structures were 

performed via comparing the results obtained by ABAQUS. 
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Chapter 6 

6. Characterisation of Billets: Rate-dependent Yielding 

 
 

 

 

 

 

 

 

6.1. Introduction 

The uniaxial compression or upset test (Dieter, 1988) of a short cylinder between flat parallel 

punches is a common test for measuring the flow stress for metal working applications. 

Compression tests of ZE10 and ZEK100 specimens were performed at different strain rates and test 

temperatures. With the help of finite element (FE) simulations, the experimental results of both 

alloys were regenerated with the model parameters accounting for rate dependency, i.e. D and n, 

which is later used as input for simulation of metal forming processes such as extrusion (Lapovok et 

al., 2004) and (Li et al., 2006). 

 

6.2. Experiments 

In compression tests, a cylinder of diameter, do, and initial height, ho, is compressed in height, h, 

and spread out in diameter, d, according to the conservation of volume: 
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hdhd oo
22 = . (6.1)

 

The reaction force, P, is measured as a function of the punch displacement. Since there is no 

necking which limits uniform deformation as in the case of tensile tests, the compression test can be 

carried out to higher strains. However, the friction between specimen and punch can lead to 

inhomogeneous deformation giving rise to barrelling of the specimen. This variation of the cross 

section of the specimen results in a triaxial stress state and hence makes determination of flow stress 

complicated. The following relations are derived by neglecting the friction between specimen and 

punch. Total true strain can be calculated as  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

o

true

h
hlnε , (6.2)

which has 2 contributions, namely elastic and plastic strain,  
pleltrue εεε += . (6.3)

 

As a result, the plastic strain can be written as 

Etruetruepl /σεε −= , (6.4)

where E is Young`s modulus. 

 

The corresponding stress values are 

oo

true

hA
Ph

A
P

==σ . (6.5)

 

The compression tests on cylindrical specimens with do = 10 mm and ho = 15 mm machined from 

as-cast ZE10 and ZEK100 billets were performed at three different strain rates, 0.1, 1 and 10 s-1, 

and three different test temperatures, 300, 400 and 500°C, which form a 3x3 test matrix shown in 

Figure 6.1. The symbols indicated in Figure 6.1 characterise the respective curves of the following 

graphs (e.g. Figure 6.2) when necessary.  
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Figure 6.1: Experimental matrix performed for each alloy 

 

Electrical current was used to heat up the specimens in the experiments. In order to adjust the 

required test temperatures, temperature was monitored via a thermocouple placed on the surface at 

the middle of the specimen height. After reaching the desired temperature, homogenous temperature 

throughout the specimen could be achieved by letting the system sufficient time. Finally, the upper 

punch was moved according to the desired strain rate toward the specimen.  

 

Figure 6.2 illustrates the overall behaviour of specimens with respect to strain rate and temperature 

dependency of both alloys. First, an increase in test temperature by keeping the strain rate constant 

leads to a drop in force, which means thermal softening. Secondly, if strain rate is increased at any 

test temperature, the force is increased, which is called strain-rate hardening. Finally, another 

important result of Figure 6.2 is the difference in mechanical properties between the two alloys. 

ZEK100 shows a higher strength than ZE10 due to the presence of the grain refinement agent, i.e. 

zirconium (Zr). 
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Figure 6.2: Experimental results of ZE10 and ZEK100 with variation of strain rates at different temperatures (see 

Figure 6.1 for the legend) 

 

Figure 6.3 shows the micrographs taken from the cross sections of cast billets. The average grain 

size has been determined using a computer aided linear intercept method being 500µm for ZE10 

and 150µm for ZEK100.  
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Figure 6.3: Micrographs of cast billets: left ZE10, right ZEK100 

 

Moreover, the effect of Zr can be seen as well in Figure 6.4, where surfaces of the specimens after 

the compression tests are shown. The deformation results in higher roughness in the case of ZE10. 

 

   
Figure 6.4: Surface qualities of specimens after compression tests: left ZE10, right ZEK100 

 

Finally, the barrelling of the specimens after the compression tests can be seen in Figure 6.4. This 

provides a good possibility to determine the friction existing between punch and specimen as 

explained later.  

 

6.2.1. Temperature measurements 

As mentioned before, a thermocouple was placed on the surface at the middle of the specimen 

height in order to measure the temperature during the experiments. The measured temperature 

shown in the below figures is used later to fit the parameters required in FE simulations. In some 

experiments, i.e. those with a strain rate of 10 s-1 at 500°C, the measured temperature was 

incomplete due to the loss of contact after experiments were started.  
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Figure 6.5: Temperature measurements during the experiments (see Figure 6.1 for the legend) 

 

Figure 6.5 shows that the higher the strain rate, the higher is the final temperature as a result of 

deformation. Due to being fast enough, the experiments with a strain rate of 10 s-1 do not show any 

drop of the measured temperature. On the other hand, the heat generated within the specimen 

disappeared after some time in the case of strain rates of 1 and 0.1s-1. The temperature dropped after 
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a peak value in the case of strain rate of 1 s-1. The temperature of the specimens compressed with a 

strain rate of 0.1 s-1 remains almost constant. 

 

6.3. Simulations 

Due to the symmetry of the specimens, a quarter of the specimen was meshed with axisymmetric 

continuum elements having 4 nodes, CAX4R and CAX4RT. The punch was defined as a rigid 

surface having a reference node which was assigned to have ramped displacement to provide 

compression as shown in Figure 6.6. 

 
Figure 6.6: FE deformed mesh with superimposed initial geometry 

 

The Coulomb friction between the rigid punch and the top layer elements of the FE mesh was 

defined as described in the next section. 

 

The material properties used for the simulations can be seen in Table 6.1. It is assumed that these 

material properties do not depend on temperature. 

 
Material properties Values 

  

Young modulus, E, [MPa] 45000 

Possion`s ratio, ν, [-] 0.3 

Specific heat, c, [J/kg K] 965 

Density, ρ, [g/cm3] 1.74 

Conductivity, k, [W/m K] 146 

Table 6.1: Material properties of ZE10 and ZEK100 used for the simulations 

 

surface T

surface R

thermocouple 
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The experimental results for 1.0=ε&  s-1 show good agreement with rate-independent simulations. 

As a result, temperature dependent flow curves were tabulated as pairs of stresses and plastic 

strains, which were calculated from the measured force and the displacement of the punch 

providing a strain rate 0.1 s-1 as described in Equation (6.4) and Equation (6.5), respectively. Figure 

6.7 shows the elastoplastic behaviour of both alloys used as inputs for the simulations.  
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Figure 6.7: Elastoplastic material inputs used in the simulations 

 

The yield stresses at temperatures which are different from the test temperatures are calculated by 

interpolating the isothermal flow curves.  

 

6.3.1. Material model 

Asymmetry in tension/compression is not crucial since tension is not pronounced in such 

experiments. To this end, the implemented codes (see Chapter 5) were adjusted so that conventional 

von Mises (von Mises, 1928) plasticity was used in the simulations. In order to mimic von Mises 

plasticity, the model parameters have to be selected as: 

1)6,..,1( ==kak , 

0)11,..,1( ==jbj . 
(6.6)

 

6.3.2. Friction 

During deformation, as the metal cylinder increases its diameter, frictional forces occur between the 

surfaces of the specimen being in contact with the punch while the other parts of specimen can flow 

radially undisturbed. This leads to a barrelled specimen profile as seen in Figure 6.4. 
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The standard Coulomb friction model provided by ABAQUS was used in the simulations. The 

frictional stress, fricτ , is proportional to the contact pressure, p, as 

pfric μτ = , (6.7)

where μ  is the friction coefficient. 

 

The barrelling of the specimen depends on the friction coefficient. Simulations with varying friction 

coefficients, μ , were performed as shown in Figure 6.8. The curvatures of the barrelled specimens 

are increased with increasing the friction coefficient. 

 
Figure 6.8: Effect of friction coefficient on barrelling of specimen 

 

Since the deformed ZE10 specimen shown in Figure 6.4 has a very rough surface, it is almost 

impossible to get a reliable surface profile. Hence, the deformed ZEK100 specimen was used for 

calibrating the friction coefficient. The simulation result with 05.0=μ  gave the best qualitative 

agreement with the experimental result as seen in Figure 6.9 so that this value is used for further 

simulations to fit the other model parameters. 

 
Figure 6.9: Qualitative comparison of barrelling of specimen with deformed mesh 
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6.3.3. Temperature predictions 

As discussed in Chapter 4, calculations of temperature in two separately implemented VUMATs 

were handled with two different approaches, namely adiabatic and fully thermo-mechanically 

coupled analysis, respectively. 

 

6.3.3.1. Adiabatic analysis 

In order to determine the inelastic heat fraction parameter, η , (see Equation (4.8)) parametric 

studies with varying of η  were performed and the results were compared with the temperature 

measurements during the experiments at 300°C as seen in Figure 6.10. 
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Figure 6.10: Effect of inelastic heat fraction under adiabatic assumption 

 

According to Figure 6.10, the simulation with 70% of heat generation, i.e. 70.0=η , shows the best 

coincidence between the simulations and the experiments considering both strain rates. Therefore, 

this value is used for further simulations in adiabatic analysis. 
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Figure 6.11 shows the summary of the simulations obtained with 70.0=η . Increasing strain rate 

results in increasing temperature. Since ZEK100 shows a higher strength than ZE10, the amount of 

plastic deformation into heat is larger, which leads to higher temperature.  
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Figure 6.11: Temperature predictions under the assumption of adiabatic heating 

 

6.3.3.2. Fully thermo-mechanically coupled analysis 

As in the case of adiabatic analysis, heat generation due to plastic deformation was considered as 

well. Since unlike in adiabatic analysis heat transfer is possible, the common value of inelastic heat 

fraction, 9.0=η , was used in the simulations in fully coupled analysis. The heat generated via 

plastic deformation is transferred from hot to cold regions within the specimens by conduction.  

 

The heat transfer between the specimen and its environment was handled via convection by 

considering two different surfaces, which are, namely, the contact surface between the top surface 

of the specimen and the punch, T, and the contact surface of the specimen subjected to the 

surrounding environment, R, i.e. the right surface in the mesh in Figure 6.6. The corresponding film 

coefficients are labelled as hT and hR, respectively, which were used to describe the heat transfer via 

convection as in Equation (4.5). 

 

Figure 6.12 illustrates the results obtained from the simulations with different heat transfer 

properties.  
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Figure 6.12: Effect of film coefficient used in fully coupled analysis 

 

As seen in Figure 6.12, the effect of hT is negligible because of the thermocouple location which is 

relatively far away from the contact between the punch and the specimen (see Figure 6.6). 

Therefore, the simulations with increasing hT and keeping hR constant give the same results in the 

case of strain rate of 10 s-1 and almost the same results with a strain rate of 1 s-1. However, hR 

affects the temperature predictions significantly. The higher the value of hR is, the lower the 

temperature is. 

 

It is very difficult to capture the measured temperature variations with constant film coefficients. 

This is especially the case for the experiments with a strain rate of 1 s-1 where the temperature drops 

after reaching a peak value. Therefore, the film coefficients were defined as a function of time. For 

example, the results obtained by a linear relation between the film coefficient and the simulation 

time are shown in Figure 6.13.  
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Figure 6.13: Temperature predictions with film coefficients defined as a function of time in fully coupled analysis 

 

Although very good agreement was achieved by varying the film coefficients during the 

simulations, constant values of film coefficients were considered for simplicity. The pair of film 

coefficients, hR = 20 and hT = 1, was chosen as the best set considering both strain rates for further 

discussions. The results obtained by this set can be seen in Figure 6.14. 
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Figure 6.14: Temperature predictions with fully coupled analysis 

 

6.3.3.3. Comparison of temperature predictions 

The comparison of both analyses is demonstrated in Figure 6.15, where the results with the best 

parameters are plotted. The effect of strain rate was better captured in the fully coupled analysis. A 

larger amount of heat can disappear from the specimen subjected to deformation with ε&  = 1 s-1, 

because of being the slower process. Therefore, the difference between the temperatures of 

simulations with two different strain rates is remarkable. However, this cannot be captured in an 

adiabatic analysis where only plastic deformation has a contribution to the heat equation as 
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described before. The simulation with heat transfer at a strain rate = 10 s-1 predicts higher 

temperature than the corresponding one with adiabatic analysis. This is due to the fact that 9.0=η  

was used in the simulations with heat transfer instead of 7.0=η , which was the optimum value 

used in the adiabatic analyses. 
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Figure 6.15: Comparison of temperature predicted by two different approaches 

 

Figure 6.16 shows the temperature distributions of the specimen obtained by the simulations with 

adiabatic analysis. The temperature distributions within the specimens subjected to different strain 

rates appear almost the same. The hottest region for all cases is predicted in the centre of the 

specimens. On the other hand, the contact region between the specimen and the punch where the 

least deformation occurred is the coldest region within the specimens.  

 

Figure 6.17 shows the results obtained by the fully coupled analysis. The temperature distributions 

for strain rate = 10 s-1 show the same tendency as in adiabatic analyses since it is a fast enough 

process so the effect of heat transfer is less. However, those for the slower strain rate show different 

distributions than the others. The contact surface of the specimen subjected to surrounding 

environment, i.e. the surface R, where the most heat disappears, was observed as colder than the 

other regions within the specimens. 
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ZE10 with a strain rate of 1 s-1 ZEK100 with a strain rate of 1 s-1 

 
ZE10 with a strain rate of 10 s-1 ZEK100 with strain rate of 10 s-1 

Figure 6.16: Temperature distributions within the specimens at the end of simulation (adiabatic analysis) 

 

 
ZE10 with a strain rate of 1 s-1 ZEK100 with a strain rate of 1 s-1 

 
ZE10 with a strain rate of 10 s-1 ZEK100 with strain rate of 10 s-1 

Figure 6.17: Temperature distributions within the specimens at the end of simulation (fully coupled analysis) 
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The reaction forces at different strain rates are plotted in Figure 6.18. Since the temperature 

difference between the two analyses was not so significant, the reaction forces appear almost the 

same. As a result, the type of analysis is not important in this context. For further simulations to fit 

the rate dependent parameters, i.e. D and n, the adiabatic analysis is used. 
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Figure 6.18: Comparison of reaction forces obtained by two different approaches 

 

6.3.4. Parameter identifications 

After setting parameters such as friction coefficient and inelastic heat fraction, simulations under 

adiabatic assumption were performed to regenerate the experimental results as seen in Figure 6.2. 

The pair of parameters, i.e. D and n, was identified for each test temperature. The Trial-and-Error 

method was adopted for parameter identification. As seen in Figure 6.19, quite good agreement 

between simulations and experimental results was obtained.  

 

The experiments show that the rate dependencies of both alloys depend on the test temperatures. A 

single pair of model parameters is not sufficient to capture the complete rate dependency. As a 

result, the fitting procedure carried out at each test temperature results in a variation of the 

parameters with respect to temperature. 
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Figure 6.19: Comparison of simulation results under adiabatic assumption with experiments 

 

Table 6.2 shows the fitted parameters for both alloys to get the results presented in Figure 6.19. 
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ZE10  ZEK100 

D (s-1) n (-) θ  (°C)  D (s-1) n (-) θ  (°C) 
       

800 4 300  800 4 300 

100 5 400  400 5 400 

50 6 500  50 6 500 
Table 6.2: Fitted parameters of power law for both alloys  

 

Table 6.2 can be represented graphically so that the dependency on temperature can be seen.  
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Figure 6.20: Power law parameters in dependence on temperature 

 

The corresponding rate and temperature dependency are used for further predictions of the material 

behaviour during an extrusion process. 
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Chapter 7 

7. Characterisation of Billets: Anisotropy & Asymmetry 

 
 

 

 

 

 

 

 

7.1. Introduction 

The model parameters related with anisotropy and/or asymmetry in tension/compression, i.e. ak and 

bj, are identified with the help of a genetic algorithm (see Chapter 3) minimising the difference 

between model predictions and the experimentally observed material behaviour. To this end, tensile 

and compression tests were performed on as-cast specimens of ZE10 and ZEK100. These 

experimental results were used as reference in the objective function given in Equation (3.15). The 

evolution of the parameters, ak and bj, (see Equation (3.13) and Equation (3.14)) was defined by the 

exponential and polynomial functions. Some examples of the parameter identifications with these 

evolution laws are presented. Finally, simulations of the experiments have been performed to check 

the generated parameters which are used later in extrusion simulations in Chapter 8. 
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7.2. Experiments 

The tensile and compression tests were executed at 300°C and a strain rate of 0.1 s-1 on as-cast 

specimens prepared at different orientations, namely cast and transverse directions (i.e. TD). Since 

the profile will be extruded in cast direction, the direction is labelled as extrusion direction, ED, for 

simplicity. The experiments were repeated for checking the reproducibility of the tests. 

 

7.2.1. Tensile tests 

The tensile test, also known as tension test, is widely used to provide basic information on the 

strength of materials (Dieter, 1988; Hosford, 2005). In this test, a specimen is subjected to a 

continually increasing uniaxial tensile force resulting in elongation of the specimen till fracture. 

Due to the necking resulting from localisation of deformation, the information about the mechanical 

behaviour of the material is limited.  

 

Instead of Equation (6.2), the following analogous equation is used in tensile tests to calculate the 

total true strain as  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

o

true

l
llnε , (7.1)

where l is the actual length and lo is the initial length. 

 

The round cylindrical specimens from ED were machined down to a diameter of 10 mm and a total 

length of 170 mm with a gauge length of 25 mm. On the other hand, the specimens from TD are 

round cylinders of 8 mm in diameter and 95 mm in total length with a gauge length of 10 mm. The 

difference between the two specimen geometries is due to the insufficient diameter (i.e. 100 mm) of 

the cast materials. The specimens were heated up by electrical current to 300°C to be subjected to a 

tensile load with a strain rate of 0.1 s-1. The ends (also called shoulders) of the specimens were 

screwed into the threaded grips. Since both grips were water-cooled, a temperature gradient was 

established. This enables necking of the specimens within the gauge length without the necessity of 

any pre-made imperfection on the surface of the specimens. The homogeneity of the experimental 

temperature throughout the gauge length was monitored by three thermocouples. The locations of 

the thermocouples are the middle, 20 mm left and 20 mm right from the middle of the specimens.  

 

The experimental results are plotted in Figure 7.1 which shows variation of yielding behaviour with 

respect to loading directions. The microstructure features such as grain size and grain morphology 
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significantly depend on the direction due to the nature of the casting process. The grains in casting 

direction, which corresponds to ED, are smaller and homogeneously distributed than the grains in 

TD. As a result, the specimens from ED show more strength than the specimens from TD. In 

comparison with ZE10, ZEK100 shows higher strength in both ED and TD due its finer 

microstructure (see Figure 6.3). 
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Figure 7.1: Tensile test results: left ZE10, right ZEK100 

 

7.2.2. Compression tests 

The compression tests were executed exactly as described in Chapter 6 except the fact that two 

material orientations of the specimens, i.e. ED and TD, were selected. The test temperature was 

300°C and the specimens were compressed with a strain rate of 0.1 s-1. There exist minor 

differences in flow stress with respect to the loading directions as seen in Figure 7.2 in comparison 

with the tensile test results illustrated in Figure 7.1. 
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After the peak stress, softening due to dynamic recrystallisation and recovery is observed as (Liu et 

al., 2007; Zhang et al., 2006) have reported. The variation of stress between ED and TD observed in 

ZE10 is more pronounced than the one for ZEK100 specimens. This is due to the fact that ZEK100 

has a more homogeneous and finer microstructure.  

 

7.3. Parameter identifications  

The details of the parameter identification for the yield function were given in Chapter 3. Examples 

of the parameter identifications and the corresponding yield loci are presented here based on 

different assumptions. The nomenclature of the model parameters (i.e ai and bj), was adopted by 

considering these assumptions. Any acronym, for simplicity, starts with “CaBa”, indicating the 

parameters of Cazacu and Barlat yield criterion. As mentioned in Chapter 3, the evolution laws 

based on the exponential and polynomial functions were used. “Expo” stands for the exponential 

evolution, however, the polynomial evolution of the parameters are indicated by “Poly” in the 

nomenclature. The identification of model parameters was done with respect to the experimental 

results as mentioned before. The experimental results of the compression and tensile tests in ED and 

TD generate 4 main axes in the stress space. This quantity appears in the acronym representing the 

number of loading path. If the yield strength in shear obtained from the tensile test results is used in 

the parameter identifications, then it is mentioned with “ten” as an extension. 

 

7.3.1. CaBaPoly4 

Figure 7.3 shows the yield loci optimised with polynomial function labelled as CaBaPoly4 together 

with the experimental results. The yield strength in shear was calculated from the yield stress 

obtained from the compression test in ED (see Equation (2.28)).  
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Figure 7.3: Optimised yield loci with parameters labelled as CaBaPoly4 for ZEK100 

 

The comparison of the functions for evolution of the yield surface during deformation which may 

occur in extrusion is plotted in Figure 7.4. Unlike the exponential functions, the polynomial 

functions do not saturate with respect to plastic strain. This does not allow for convergent extrusion 

simulations with the parameter set CaBaPoly4. 
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Figure 7.4: Comparison of the evolution functions: polynomial (left) and exponential functions (right) 

 

7.3.2. CaBaExpo4ten 

The optimised yield loci with the exponential evolution are shown in Figure 7.5. Unlike the yield 

loci shown in Figure 7.3, the isostrain contours are drawn by the yield strength in shear obtained 
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from the tensile test in ED only as given in Equation (2.27). Hence, better results with respect to the 

hardening in tension are obtained. 
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Figure 7.5: Optimised yield loci with parameters labelled as CaBaExpo4ten for ZEK100 

 

The third quadrant in stress space is more important because the stress state during extrusion is 

mainly compressive. Besides this, the strain rate and temperature dependent yielding were 

characterised with the help of compression tests in Chapter 6. The simulation of extrusion trials 

with CaBaExpo4ten was consequently unsuccessful.  

 

7.3.3. CaBaExpo2 

It is difficult to meet the experimental results from the first isostrain values represented by square 

symbols in Figure 7.3 and Figure 7.5, because the genetic algorithm is forced to satisfy the 

constraints described in Chapter 3 and the hardening in both tension and compression are quite 

different. An example of optimisation yield loci shown in Figure 7.6 is based only on the 

compression test results. Since the compression tests represent 2 main axes in the stress space and 

the exponential evolution was used, the parameters are called as CaBaExpo2. Figure 7.6 illustrates 

good agreements with the experimental data. In compression tests, there is no necking which limits 

uniform deformation as in the case of tensile tests. The yield loci for higher strains are shown in 

Figure 7.6.  
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Figure 7.6: Optimised yield loci with parameters labelled as CaBaExpo2 for ZEK100 

 

7.3.4. CaBaExpo4 

Figure 7.7 shows the yield loci drawn for ZE10 and ZEK100, respectively. The yield strength in 

shear was calculated from the compression test in ED. The respective set of model parameters is 

labelled as CaBaExpo4 and used for the simulations of extrusion like CaBaExpo2. The shapes of 

yield loci in Figure 7.7 are different than the ones shown in Figure 7.6 since the tensile tests results 

were taken into account in the identification procedure. The simulation results with CaBaExpo4 are 

presented later in Chapter 8, because of having more information on the experiments, hence being 

more realistic.  
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Figure 7.7: Optimised yield loci with parameters labelled as CaBaExpo4 for ZE10 (top) and ZEK100 (bottom) 
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The corresponding parameters are given in the Table 7.1.  

ZE10  a1 a2 a3 b1 b2 b3 b4 
         

A  0.65573 0.91849 0.56748 0.12685 0.47683 0.34511 0.16916 

B  0.7118 0.76138 0.28211 0.5566 0.84393 0.1566 0.62522 

C  0.9834 0.84685 0.37261 0.40517 0.67611 0.14484 0.36544 

 

ZEK100  a1 a2 a3 b1 b2 b3 b4 
         

A  0.98064 0.98340 0.70129 0.03761 0.97996 0.19449 0.03490 

B  0.57824 0.60743 0.32369 0.29932 0.63357 0.34510 0.02834 

C  0.72570 0.78810 0.68276 0.24968 0.98679 0.15502 0.33420 
Table 7.1: Optimised parameters CaBaExpo4 for ZE10 and ZEK100 
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The evolution of the parameters can be seen in Figure 7.8. The respective sets were generated with 

the saturated exponential function drawn as a black line in Figure 7.4 which means all the 

parameters in the function, i.e. Ai, Bi and Ci, are assumed as positive. The difference between the 

transverse isotropy and plane stress assumptions on the yield function is also illustrated in Figure 

7.8. The respective formulations were given in Chapter 2. The symmetry conditions in the 

transverse isotropy provide some restrictions on the parameters ai and bk as given in Equations 

(2.21) and (2.23), respectively. The restriction, b3 = b4 = 2b2 - b1, calculated from the parameters of 

CaBaExpo4 identified with the plane stress assumption is plotted as a solid line in Figure 7.8. The 

values of b3 and b4 for both alloys are quite comparable to each other but not equal to 2b2 - b1. 

Another restriction, a1 = a2, is satisfied only in the case of ZEK100. The rest of the restrictions are 

not possible to check because of being uncommon for both formulations. 

 

7.4. Simulations 

Simulations of tensile and compression tests were performed on ZE10 and ZEK100 billet materials 

by neglecting temperature and strain rate effect on deformation. The parameter set CaBaExpo4 was 

used for the simulations. Due to the symmetry of the specimens, a quarter of the specimen was 

meshed with axisymmetric continuum elements having 4 nodes, CAX4R, for materials prepared 

from ED. Since the directions of the applied load and the yield stress coincide, anisotropic 

deformation in the simulations of ED is not crucial. On the other hand, the simulations performed 

on TD were executed on a mesh composed of 3D continuum elements with 8 nodes, C3D8R, where 

the symmetry boundary conditions were applied. The material properties used for the simulations 

can be seen in Table 6.1. 

 

7.4.1. Tensile tests 

The tensile test simulations were considered as displacement controlled. The displacement was 

applied to the upper edge of both geometries. The reaction forces acting on nodes where the 

displacement is applied were summed in order to get the resulting force. The stress was calculated 

with respect to initial cross sectional area. The simulation results for ZE10 and ZEK100 are plotted 

in Figure 7.9. In the beginning of the tensile test, there is a good agreement between the simulation 

and experimental results. However, this is not valid throughout the tensile tests due to the less 

accurate hardening behaviour in tension as seen in Figure 7.7 and the damage observed in the 

specimens. Failure of ductile metals is the result of micromechanical mechanisms, basically 

characterised by nucleation, growth and coalescence of voids or microcracks. The modelling of 
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ductile damage requires a theory of plasticity including internal damage quantity. This can be 

realised mainly via micromechanical models based on homogenisation by representative volume 

elements (e.g. (Gurson, 1975) and (Tvergaard and Needleman, 1984)) or via continuum damage 

mechanics postulating thermodynamics potentials (e.g. (Rousselier, 1987)). The softening observed 

in the experiments cannot be realised with the simulation presented here due to lack of any 

modelling issues concerning damage. 
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Figure 7.9: Simulation results of tensile tests performed with CaBaExpo4 for ZE10 (top) and ZEK100 (bottom) 
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7.4.2. Compression tests 

The simulation of compression tests were performed as described in Chapter 6.3. The simulation 

results obtained from billets of ZE10 and ZEK100 are illustrated in Figure 7.10. Unlike Figure 7.9, 

Figure 7.10 illustrates a better coincidence of simulations and experiments due to the better capture 

of hardening in compression than in tension as seen in Figure 7.7.  
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Figure 7.10: Simulation results of compression tests performed with CaBaExpo4 for ZE10 (top) and ZEK100 (bottom) 

 

For both cases, the predicted results are in good agreement with the experiments until the peak 

stress. Since the softening due to dynamic recrystallisation and recovery is not considered in the 

model, some deviations from the experiments are obviously present.  
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Chapter 8 

8. Extrusion: 

Experiments & Simulations 
 

 

 

 

 

 

 

8.1. Introduction 

Extrusion (Wagoner and Chenot, 2001) is a metal forming process in which a block of metal (billet) 

is forced to flow by compression through a die in order to produce profiles with a constant cross 

section. The main classification of extrusion processes is done with respect to direction of the metal 

flow, namely direct and indirect extrusion. In direct extrusion, the billet is placed in the container 

and pushed through the die by the ram pressure so that the direction of metal flow is in the same 

direction as the ram travels. In indirect extrusion, the die at the front end of the hollow stem moves 

relative to the container to produce metal flow opposite to the motion of the ram. Another 

classification of metal forming processes is performed based on temperature so that they are divided 

into 2 groups, hot and cold working, respectively. The hot working is carried out at a temperature 

higher than the recrystallisation temperature – the minimum temperature at which reformation of 

the crystals (i.e. recrystallisation) occurs. A crude estimate for a hot working temperature is that it 

should be greater than half of the melting point. Above the recrystallisation temperature, the kinetic 
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energy of atoms increases and therefore atoms are able to attach themselves to newly formed nuclei 

which begin to grow into crystals. This process continues until all the distorted crystals have been 

transformed. As a result, hot working results in grain refining (Dieter, 1988). 

 

An undesirable output of the extrusion is the occurrence of hot cracking (known also as hot 

shortness). This surface defect is originated from incipient melting of material due to excessive 

temperature rise. Some studies in literature such as (Atwell and Barnett, 2007; Letzig et al., 2008) 

show that the phenomenon is extrusion speed, temperature and alloy dependent. The extrusion 

experiments in the present study were executed successfully without any surface defects.  

 

8.2. Experiments 

For each alloy, 3 billets were machined down to a diameter of 93 mm and a length of 300 mm for 

extrusion experiments. Hot indirect extrusion was carried out at a constant billet temperature of 

300°C to produce round bars with a diameter of 17 mm from a container with 95 mm diameter. 

 

Extrusion ratio, R, is defined as the ratio of initial cross sectional area of the billet, Ao, to the final 

cross section area, Af :  

f

o

A
AR = . (8.1)

As a result, the geometry of billet and profile used in the experiments approximately corresponds to 

an extrusion ratio of 30:1. 

 

Only the extrusion rate was varied using ram speeds of 0.5, 5.5 and 11 mm/s. This roughly 

corresponds to a profile speed of 1, 10 and 20 m/min since profile speed, vP, is calculated by 

volume constancy, which means that the volume of the billet in the container is equal to the volume 

of the extruded material: 

f

oR
P A

Avv = , (8.2)

where vR is the ram speed. 

 

Figure 8.1 shows the applied force and the profile temperature during the whole extrusion 

experiments performed for both alloys.  
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Figure 8.1: Experimental results of ZE10 and ZEK100 at different ram speeds 

 

It is observed that there is an increase of the applied force up to the point where steady-state is 

reached. No pronounced peak pressure is observed. The die was equipped with a thermocouple at 

the inner surface so that the temperature of the passing profile could be measured. The profile 

temperature increases from the initial temperature to a steady-state equilibrium condition. In the 

beginning of the experiment, the thermocouple measures an arbitrary temperature since the die was 

not filled by the profile yet and the temperature was thus measured lower than 300°C.  
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The resulting force and temperature in steady-state are plotted in Figure 8.2. The temperature 

developed in extrusion increases with increasing ram speed. This is due to the fact that the strain 

rate is directly proportional to the ram speed and the magnitude of the generated heat is related with 

strain rate as given in Equation (4.3). Due to a finer microstructure of ZEK100 in comparison to 

ZE10, a higher force is observed for ZEK100 than for ZE10. Moreover, the applied force for both 

alloys first decreases with increasing ram speed due to predominant temperature softening and then 

increases slightly again because strain rate hardening is more pronounced than temperature 

softening. 
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Figure 8.2: Summary of experimental extrusions for both alloys 

 

Micrographs taken from longitudinal sections of the profiles reveal the microstructures of the 

extruded profiles in Figure 8.3. The microstructures illustrate significantly smaller grains compared 

to the original cast billet as shown in Figure 6.3. The profiles extruded at the slowest profile speed 

of 1 m/min are partially recrystallised and show elongated structures in extrusion direction 

(horizontal). The characteristics of the cast microstructures are not visible any more at higher 

extrusion rates where well recrystallised microstructures are exposed. 
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ZE10 – 1m/min  ZEK100 – 1m/min  

  
ZE10 – 10m/min ZEK100 – 10m/min  

  
ZE10 – 20m/min ZEK100 – 20m/min 
  

Figure 8.3: Micrographs of profiles obtained by different profile speeds 

 

An increase of the average grain size determined using a computer aided linear intercept method is 

observed with increasing extrusion rate which results in higher temperature. The grain growth 

plotted in Figure 8.4 is significantly more pronounced for ZE10 than for ZEK100 which contains Zr 
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as a grain refinement agent. Therefore, the average grain sizes of ZEK100 profiles in all cases are 

found to be smaller than ZE10.  
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Figure 8.4: Average grain size of profiles obtained by different ram speeds 

 

The microstructural development during the extrusion experiment becomes evident by investigating 

an extrusion remainder under optical microscopy. Figure 8.5 shows a macrograph from a 

longitudinal section of the remainder extruded at a ram speed of 5 mm/s. The microstructural 

changes as a result of metal flow are observed near the die outlet of the extruded profile. 

 

 
Figure 8.5: Longitudinal section of the extrusion remainder (ZE10) at ram speed of 5 mm/s 
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8.3. Simulations 

The extrusion remainder shows symmetry as seen in Figure 8.5 so that the representative mesh was 

generated with axisymmetric continuum elements having 4 nodes with reduced integration, CAX4R 

and CAX4RT namely, seen in Figure 8.6. 

 

 

 
Figure 8.6: FE mesh used in the simulations 

 

In the simulations, a so-called Arbitrary Lagrangian-Eulerian (ALE) (Abaqus, 2006a) formulation 

was used since a steady-state was reached in the experimental extrusion trials as seen in Figure 8.1. 

In the Lagrangian (material) description, a material point is focussed, whereas a stationary spatial 

reference frame is observed during deformation in the Eulerian (spatial) formulation (Khan and 

Huang, 1995). The combination of both limits forms ALE. This eliminates the problems of mesh 

distortions that can occur in a pure Lagrangian approach. The metal flow was considered via 

Eulerian boundary condition as seen in Figure 8.6. On the other hand, Lagrangian boundary 

conditions were applied to the die and the container. The tracer particles, which move with 

integration points in the FE mesh, are helpful to monitor the computed fields since the mesh in the 

Eulerian approach is spatially fixed and not attached to the material points.  

 

The material properties for both alloys were given in Table 6.1. Beside this, Table 6.2 and Figure 

6.7 show the model parameters regarding rate and temperature dependent yielding. The set of 

coefficients, i.e. ak and bj, labelled as CaBaExpo4, were used to describe the anisotropy and 

asymmetry (see Table 7.1). The set, labelled as von Mises, corresponds to von Mises plasticity. 

Metal inflow (Eulerian) 

rigid die 

rigid container 

thermocouple 

Metal outflow (Eulerian) 
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In order to have reasonable computational costs, the container and the die were considered as 

analytical rigid surfaces, hence no deformation or temperature fields can be monitored on these 

surface. Since there is no relative displacement between the billet and the container, friction 

between the billet and the container does not exist in indirect extrusion. Therefore, the contact 

between the billet and the container was established without friction. The contact area with the die, 

on the other hand, was described with the Coulomb friction as described in Chapter 6. It is rather 

difficult to estimate the friction coefficient in Equation (6.7) during the extrusion process. The 

friction coefficient found in literature varies between 0.1 and 1 for different metallic materials (Lof, 

2001), (Arentoft et al., 2000), (Lapovok et al., 2004). In this study, it was assumed as 0.5. However, 

the temperature predictions discussed below were performed by reducing the friction coefficient to 

0.1, since the simulations with a friction coefficient of 0.5 under adiabatic assumptions, especially 

in the case of 9.0=η , predict a temperature of the region close to the die wall far above the melting 

temperature of magnesium alloys. 

 

8.3.1. Parameter identifications 

Since temperature and flow stress are coupled regardless of the type of analysis, the proper 

prediction of the temperature field is crucial. As explained before, calculations of temperature in 

two separately implemented VUMATs were handled with two different approaches, i.e. adiabatic 

and fully coupled temperature-displacement analysis, respectively. Parametric studies with von 

Mises plasticity were performed with both approaches in order to get proper temperature fields. The 

billets of ZEK100 were simulated till the half way of the ram displacement because of the 

achievement of steady-state conditions. 

 

8.3.1.1. Adiabatic analysis 
Parametric studies with different inelastic heat fractions as Equation (4.3) (i.e. 5.0=η , 0.7 and 0.9 

respectively) under the assumption of adiabatic analysis were performed. The simulation results for 

different ram speeds are plotted in Figure 8.7. In the case of vP=1m/min, all temperature predictions 

seem overestimated as compared with the experimental results. The corresponding resulting force, 

hence, appeared underestimated. This indicates that the billets were extruded so slowly that heat 

transfer took place. However, it is possible to predict temperature precisely with a proper selection 

of inelastic heat fraction for other extrusion trials. For example, 7.0=η  gives acceptable 

temperature predictions for the profile speed of 20m/min. This can not be applied for the profile 
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speed of 10 m/min because of the fact that the lower strain rate, the lower heat input. As a 

conclusion, adiabatic analysis is not a proper method to predict temperatures measured in extrusion 

experiments with a common inelastic heat fraction. 
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Figure 8.7: Effect of inelastic heat fractions under adiabatic assumption 

 

8.3.1.2. Fully coupled temperature-displacement analysis 

The heat flow out of the contact surfaces between the billet and the die and additionally between the 

billet and the container were applied. The inelastic heat coefficient was chosen as 0.9, which means 

that 90% of plastic deformation energy is transformed into heat. The parametric studies with fully 

coupled analysis were performed by setting different film coefficients of convection as described 

before (see Equation (4.5)).  

 

Figure 8.8 shows the effect of film coefficients used in the simulations on temperature. Increasing 

the film coefficient results in lower temperature predictions and thus higher resulting force. Heat 

transfer conditions with film coefficient of 5 were selected to use for further simulations, providing 

reasonable results with a common parameter for all profile speeds. 
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Figure 8.8: Effect of film coefficients used in fully coupled analysis 

 

8.3.2. Prediction results 

The material properties for both alloys, provided in Table 6.1, Table 6.2 and Figure 6.7, 

respectively, were used in the simulations. The deformation behaviour of the billet was 

characterised by the model parameters CaBaExpo4 as described before. For comparison, von Mises 

plasticity was applied as well. The simulation results obtained with the sets CaBaExpo4 and von 

Mises in comparison with the experimental results are plotted in Figure 8.9. Slight differences exist 

in the temperature predictions by both models. A better agreement with the experimental results in 

the case of force using the proposed model with set CaBaExpo4 compared to von Mises model was 

obtained for the profile speeds of 10 and 20 m/min. On the other hand, the simulation with 

CaBaExpo4 overestimates the reaction force for the profile speed of 1 m/min which causes partial 

recrystallisation as shown in Figure 8.3, since any effect of partial recrystallisation is not concerned 

in the proposed model. 
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Figure 8.9: Simulation results with von Mises & CaBaExpo4 in comparison with experiments 

 

Figure 8.10 shows the distribution of the temperature with respect to profile speeds. The 

temperature distributions obtained by von Mises are not shown here due to being practically the 

same as the ones with CaBaExpo4.  
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ZE10 – 1m/min  ZEK100 – 1m/min  

 
ZE10 – 10m/min ZEK100 – 10m/min  
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ZE10 – 20m/min ZEK100 – 20m/min 

Figure 8.10: Temperature [°C] distributions with CaBaExpo4 at profile speeds of 1, 10 and 20 m/min  

 

The temperature developed during extrusion increases with increasing ram speed which is 

consistent with the experimental observations. For all cases, the highest temperature is located at the 

die opening where large deformation occurs. On the other hand, the heat transfer in the region close 

to the container causes cooling down of the extrudates.  

 

As the temperature distributions are qualitatively identical for the two alloys as seen in Figure 8.10, 

the following figures present only the result of ZE10. The von Mises equivalent stress distributions 

in ZE10 extrusion remainders are illustrated in Figure 8.11. The distributions for all trials are 

qualitatively similar. However, the remainder extruded with the profile speed of 1 m/min shows the 

most red-coloured regimes corresponding to the highest stress values due to the minimum 

temperature rise. The maximum stress is observed in the middle of the billet by the die opening. 

The region close to the container wall perpendicular to the extrusion direction experiences higher 

stress due to the presence of friction. The stresses occurring in the profiles, however, are small since 

there is no further deformation taken place after the die.  
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ZE10 – 1m/min  ZE10 – 10m/min  

 
                                            ZE10 – 20m/min 

Figure 8.11: von Mises equivalent stress [MPa] distributions ZE10 with CaBaExpo4 at profile speeds of 1, 10 and 20 

m/min 
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Figure 8.12 shows the velocity distributions of ZEK100. Homogenous distributions of the velocities 

in the profiles with vP=10 and 20 m/min indicate that the profiles are extruded at constant speeds 

which was traced in Figure 8.1, as well.  

 
ZEK100 – 1m/min  ZEK100 – 10m/min  

 
                                  ZEK100 – 20m/min  

Figure 8.12: Velocity [mm/s] distributions ZEK100 with CaBaExpo4 at profile speeds of 1, 10 and 20 m/min 
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Flow prediction in ZE10 billets extruded with 20 m/min as profile speed is demonstrated in Figure 

8.13 together with the metallograph of the corresponding extrusion remainder. The arrows indicate 

the direction of the metal flow during the extrusion. The size of the arrows is assigned to their 

magnitude. The observed and predicted metal flow patterns are qualitatively similar.  

ZE10 – 20m/min  ZE10 – 20m/min  
Figure 8.13: Flow predictions of ZE10 with CaBaExpo4 at profile speed of 20 m/min with the corresponding 

metallographic examination 

 

Figure 8.14 shows the metal flow during the extrusion with the help of tracer particles seen at 

different ram displacements.  

   
ZEK100 – 10m/min  

ram displacement=22.3mm 

ZEK100 – 10m/min  

ram displacement=44.6mm 

ZEK100 – 10m/min  

ram displacement=89.1mm 
Figure 8.14: Flow predictions ZEK100 by tracer particles with CaBaExpo4 at profile speed of 10 m/min 

Stage1 

Stage1 

Stage2 

Stage3 

Stage1 
Stage2 
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As mentioned before, the tracer particles follow the material points and hence visualise the material 

flow. The trajectory of the tracer particles was assigned as emission in 10 periodic stages. Some of 

the tracer particles from Stage 1 leave the mesh at 44.6 mm where the tracer particles belonging to 

Stage 2 are already emitted and thus visible as seen in Figure 8.14. Some of the tracer particles 

especially near to the container form the dead metal zone as illustrated in Figure 8.14. 

 

The tracer particles can be also used for monitoring the predicted fields such as temperature. Figure 

8.15 shows the response coming from one distinct tracer circled in Figure 8.14 with respect to its 

emission stages.  
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Figure 8.15: Temperature predictions of tracer particles of ZEK100 with CaBaExpo4 at profile speed of 10 m/min  

 

The temperature prediction is monitored in Figure 8.15 until the tracers from different stages leave 

the mesh. Although the initial location of the particles emitted in the mesh is the same for all stages, 

the initial temperatures of these particles increase because of the difference in their emission time. 

Since the particles become hotter since they approach the die, the temperature of each particle 

increases during the extrusion simulation. 
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Chapter 9 

9. Summary & Conclusion 

 
 

 

 

 

 

 

 

Magnesium alloys are strong candidates to cover a great demand in transportation industry for 

reduction of weight owing to low density. Wrought magnesium products are especially preferred 

due to their enhanced mechanical properties over cast parts. An example of manufacturing method 

is extrusion where temperature and strain rate play important roles on product quality. Magnesium 

alloys show unusual mechanical behaviour such as deformation anisotropy and asymmetry in 

tension and compression. In order to estimate metal flow behaviour of magnesium alloys during 

extrusion, a proper phenomenological model was proposed. The modified version of the Cazacu 

and Barlat model accounting for strain rate hardening and temperature dependent yielding was 

described in Chapter 2. The details of the parameter identification for the yield function were given 

in Chapter 3. The temperature calculations and the implementations of the corresponding model for 

adiabatic and fully coupled thermo-mechanical analyses were covered in Chapter 4 and Chapter 5, 

respectively.  
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Chapter 6 deals with characterisation of billets by compression test, which is a common test for 

measuring the flow stress for metal working applications. Compression tests were executed to 

describe material behaviour with respect to strain rate and temperature. ZEK100 shows higher 

strength due to its finer microstructure. Increasing test temperature under a constant strain rate leads 

to thermal softening. On the other hand, an increase in strain rate under a constant temperature 

results in hardening. The rate and temperature dependencies of ZE10 and ZEK100 magnesium 

alloys were captured numerically with the help of simulation of compression tests. Adiabatic and 

fully coupled analyses provide very similar results because the compression tests were carried out 

so fast that heat transfer was not significant. It was found that the strain rate dependency depends on 

temperature. As a result, the model parameters accounting for rate dependency were identified with 

a variation of temperature to capture the overall behaviour observed in the experiments.  

 

The anisotropy/asymmetry in yielding was quantified by tensile and compression tests of specimens 

as-cast from different directions, i.e. ED and TD, as described in Chapter 7. The experimental 

results show a variation of yielding behaviour in tension and compression with respect to loading 

directions. The identification of model parameters accounting for the anisotropy and asymmetry in 

yielding was done with respect to the experimental results. Since it is not possible to identify the 

model parameters of a yield potential for a transverse isotropic material with the help of 

experiments providing lack of information on the symmetry conditions as given in Chapter 2, the 

yield function was assumed as plane stress case. The model parameters were identified by a genetic 

algorithm satisfying the constraints such as convexity as described in Chapter 3. The set of 

parameters having the minimum error with respect to the experimental results was assigned as the 

optimised solution. The hardening of the alloys was defined with two different evolution laws, the 

exponential and polynomial functions, respectively. The hardening with the saturating exponential 

function provides better results in the extrusion simulations.  

 

The information obtained from different means of the material characterisation was taken as input 

for simulations of extrusion experiments. The experiments and simulations of indirect extrusion of 

ZE10 and ZEK100 billets were presented in Chapter 8. The extrusion trials of ZE10 and ZEK100 

show steady state. Increase in ram speed results in higher temperature. It is observed that a 

competition between temperature softening and strain rate hardening on force takes place. Arbitrary 

Lagrangian-Eulerian formulation was used in the simulations. The metal flow was considered via 

Eulerian boundary condition. On the other hand, Lagrangian boundary conditions were applied to 

the die and the container. The heat flow out of the contact surfaces between the billet and the die 
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and additionally between the billet and the container were applied to predict temperature measured 

by the thermocouple located in the die. Due to the symmetry of profiles manufactured in extrusion 

trials, the representative mesh was generated with axisymmetric continuum elements. Adiabatic 

analysis was not a proper method to predict the temperature measured in the extrusion experiments 

with a common inelastic heat fraction. On the other hand, the temperature predictions by fully 

coupled analysis demonstrated more better results with a common heat transfer parameter for all 

profile speeds. The simulations of extrusion with the proposed model provide a better agreement 

with experiments than von Mises yield criterion. The results of the approach adopted in this study 

appeared to be successful showing promising predictions of the experiments and thus may be used 

for other hcp metals rather than magnesium. 

 

It would be of a great interest for a future work to improve the proposed model to account for 

dynamic recrystallisation (DRX), since the results indicate their importance on deformation 

behaviour. Consequently, this would allow predicting the microstructures of extruded profiles and 

hence permit more understanding of the mechanisms observed in magnesium alloys during 

extrusion process. The empirical relationships between microstructural features (e.g. grain size) and 

processing parameters (e.g. temperature and strain rate) are established by analysing the 

compression test results with so-called Zener-Hollomon parameter (Zener and Hollomon, 1944). 

This approach is recently extended to some magnesium alloys (Lee et al., 2007; Liu et al., 2008). 

However, modelling of DRX in conjunction with anisotropy is not realised in literature at all. 

 

Another crucial aspect to be considered is to improve the identification of parameters for the yield 

potential. Torsion test results can be utilised as an additional source of input to the optimisation 

procedure because this material characterisation method provides a high extent of information as 

the deformation behaviour with respect to strain. Some contributions such as (Spigarelli et al., 

2007) show the importance of the torsion test executed on specimens of AZ31 magnesium alloy. 

Instead of using experimental results, the model parameters can be calibrated referring to computed 

biaxial test simulations based on crystal plasticity models (e.g. (Graff, 2007)). The computational 

effort to fit the numerous material parameters such as activity of different deformation modes 

required by the micromechanical modelling would limit this approach. 
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Appendix 
 

A.1. Header of VUMAT interface 

 
      subroutine VUMAT ( 
C Read only variables 
     *     nblock, ndir, nshr, nstatev, nfieldv, nprops, lanneal, 
     *     stepTime, totalTime, dt, cmname, coordMp, charLength, 
     *     props, density, strainInc, relSpinInc, 
     *     tempOld, stretchOld, defgradOld, fieldOld, 
     *     stressOld, stateOld, enerInternOld, enerInelasOld, 
     *     tempNew, stretchNew, defgradNew, fieldNew, 
C Write only variables 
     *     stressNew, stateNew, enerInternNew, enerInelasNew ) 
C 
      include 'vaba_param.inc' 
C 
      dimension coordMp(nblock,*), charLength(nblock), props(nprops), 
     1     density(nblock), strainInc(nblock,ndir+nshr), 
     2     relSpinInc(nblock,nshr), tempOld(nblock), 
     3     stretchOld(nblock,ndir+nshr),  
     4     defgradOld(nblock,ndir+nshr+nshr), 
     5     fieldOld(nblock,nfieldv), stressOld(nblock,ndir+nshr), 
     6     stateOld(nblock,nstatev), enerInternOld(nblock), 
     7     enerInelasOld(nblock), tempNew(nblock), 
     8     stretchNew(nblock,ndir+nshr), 
     9     defgradNew(nblock,ndir+nshr+nshr), 
     1     fieldNew(nblock,nfieldv), 
     2     stressNew(nblock,ndir+nshr), stateNew(nblock,nstatev), 
     3     enerInternNew(nblock), enerInelasNew(nblock), 
      character*80 cmname 
C 
      do 100 k=1, nblock 
       user coding 
  100 continue 
      return 
      end 
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A.2. Variables used in VUMAT and their descriptions 

 

VUMAT Variables  Short descriptions 
  

ndir 

nshr 

nblock 

nstatev 

nprops 

nfieldv 

props(nprops) 

coordMP(nblock,*) 

charLength(nblock) 

General information 

stressNew(nblock,ndir+nshr) 

stressOld(nblock,ndir+nshr) 
Stress tensor 

stateNew(nblock,nstatev) 

stateOld(nblock,nstatev) 
State variables 

fieldNew(nblock,nfieldv) 

fieldOld(nblock,nfieldv) 
User defined field variables 

enerInternNew(nblock) 

enerInternOld(nblock) 
Internal energy 

enerInelasNew(nblock) 

enerInelasOld(nblock) 
Dissipated inelastic energy 

strainInc(nblock,ndir+nshr) Strain tensor 

tempNew(nblock) 

tempOld(nblock) 
Temperature 

defgradNew(nblock,ndir+2nshr)

defgradOld(nblock,ndir+2nshr)
Deformation gradient 

relSpinInc(nblock,nshr) 

stretchNew(nblock,ndir+nshr) 

stretchOld(nblock,ndir+nshr) 

Rotation & stretch 

stepTime 

totalTime 

dt 

Time 
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